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Throughout this lecture, groups are topological groups (in particular, they are
locally compact). All maps are topological (i.e., continuous).

1 Preliminaries (Heath Emerson, June 14)
1.1  Some compact groups:

1. Circle T

2. U(n),SU(n), SO(n)
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3. Zyp, p-adic integers.

1.2 A G-spaceis a locally compact space X equipped with a continuous map

GxX — X
(g,x) = g-x

such thatg- (g’ -x) = (gg’) -xand e - x = x.

1.3 Example (Important example of a G-space) Let H be a closed subgroup of a com-
pact group G. Then the homogeneous space X := G/H is a compact Hausdorff
space. Gactson X; g- (g1H) = gg1H. And X/G ~ pt.

1.4  The isotropy subgroup (i.e., stabilizer) of x € X is a closed subgroup of G.

Exercise 1 Let X = CP™. This is a G-space for G = U(n + 1). Check that
CP" ~U(n+1)/U(1) x U(n)

where

1.5 Example Let X be a smooth compact manifold. Let g : X — X be a diffeomor-
phism. Then g is part of a compact group action iff g preserves some Riemannian
metric on X. (Main fact used to prove this is that the isometry group of X with a
fixed given metric (, ) is compact.)

1.6 The category of G-spaces A map ¢ : X — Y between G-spaces is a G-map if

$(g-X) =g d(Y).

“equivariant.” We may talk about isomorphic G-spaces.

1.7 Induction and restriction  Let H be a closed subgroup of G. A G-space, restrict-
ing the action to H, gives an H-space. This is the restriction functor Res. The induc-
tion functor Ind is in the other direction; given an H-space Y, the induced G-space
is G x Y := (G x Y)/~, where (g,y) ~ (gh,h™'y).
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Exercise 2 If X is a G-space that admits a (surjective) G-map 7 : X — G/H, then X is
an induced space from H. (Hint: Consider the G-map

¢: GxpY — G/H
g,y — gl

Take Y = ¢~ '(eH).)

1.8 Lemma

Ind(Res X) ~ X x (G/H)
where G acts diagonally on X x (G/H).
Why is this true? Define

d: GxpX — (G/H)xX
[g,x] — (lgl,9-x).

Check that ¢ is a G-map that is a homeomorphism. ]

1.9 Theorem (Palais) Let G be a Lie group, acting properly on a space X, let x € X,
and let H = Gy. Then there exists a G-invariant open neighbourhood U of x and a
G-map

u— G/H.

Thus U is induced from G,.

Remark. 1. Thus, if G acts freely on X, then locally X looks like G x Y for some Y.

2. Assume that X is a smooth manifold with G acting smoothly. Consider the
orbit G - x in X. Let N be the normal bundle. Then the fibre N, of x is a G-
space with a linear action. The proof of Palais’ Theorem shows that we may
take U = G xy Ny.

Exercise 3 Let G = [[,.z Z>. (This is not a Lie group.) Let X = [], ., S'. Show
that there is no G-invariant neighbourhood of (1,1,1,...) which is induced from
the isotropy subgroup of (1,1,1,...).

Vector Bundles

1.10 Definition (Atiyah) A continuous family of (real or complex) vector spaces over X
is a space E equipped with

l.amapm:E =X,
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2. and a finite-dimensional vector space structure on each fibre E, = ' (x),
compatible with the topology of E (i.e., the topology on Ey is the subspace
topology induced from E).

A homomorphism of families E and E’ over Xisamap ¢ : E — E's.t. mgro @ =
mie and @, : Ex — EJ is linear. ¢ is an isomorphism if ¢ is a homeomorphism.

1.11 Pullbacks  If f : X — Y isamap, m: E — Y is a continuous family of vector
spaces over Y, then

*(E) déf{(x,v) eXxElxeX,vekyl.

1.12 Example If E — X is a continuous family of vector spaces and A is a subspace
of X, then for the inclusion i: A — X, we have i*E = E[4.

1.13 A continuous family of vectors spaces is trivial if it is isomorphic to X x C"
(or X x R™) for some n.

1.14 Definition A vector bundle over X is a continuous family of vector spaces such
that, for all x € X, there is a neighbourhood U of x s.t. E[y, is trivial.

1.15 Definition A G-equivariant vector bundle (G-bundle for short) is a G-space E
over a G-space X such that g o g = 7 o g and that g[¢_ is linear.

1.16 Example Let Xbe a G-space, and 7t: G — GL(V) a finite-dimensional represen-
tation. Then X x V with diagonal G-action is a G-equivariant vector bundle. Such
a G-bundle is said to be trivial (i.e., diagonal with a fixed representation on V).

2 Equivariant K-theory (Heath Emerson, June 15)

2.1 Example If G acts smoothly (by diffeomorphisms) on a compact manifold X,
then differentiating the G-action gives TX the structure of a G-equivariant vector
bundle.

Remark. Let X, Y be G-spaces. Isomorphism classes of G-equivariant vector bundles
on X classify smooth G-equiv embeddings X — Y by mapping an embedding to its
normal bundle.
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2.2 Example IfH < Gisaclosed subgroupand n: H — GL(V) is a finite-dimensional
representation of H, then G xy V is a G-equivariant vector bundle over G/H. (The
H-action on the fibre of eH is the original representation 7t.) This is called the “in-
duced” vector bundle.

If T extends to a representation of G, then G xy V ~ (G/H) x V is trivial.

2.3 Pullbacks  Let X,Y be G-spaces. Let ¢ : X — Y be a G-map. Let V be a G-
equivariant vector bundle over Y. Then
¢*(V) ={(xv) [veE Vyn}.

This is a G-equivariant vector bundle.
2.4 Homotopy invariance  If ¢gand ¢y, X — Y are G-maps that are homotopic, then
¢35 (V) ~ ¢7(V) for any G-equivariant vector bundle V over Y.
2.5 Operations on vector bundles  Sums:

Vi@ Vo ={(vi,v2) € Vi x V| my, (v1) = 1y, (v2) }.

Tensor products: Vi ® V; has fibre, over x, (Vi)x ® (V2)x.

2.6 Definition

Vectg (X) = monoid of isomorphism classes of G-bundles over X

2.7 Module structure  Twisting by a representation: Given a G-bundle V — X and
a representation 7t : G — GL(E), form a G-bundle over X, denoted V ® E, whose
fibre over x is V4 ® E. Soitis V ® (X x E) as tensor product of vector bundles.

2.8 Definition The G-equivariant K-theory, K% (X), of X is the Grothendieck group
of the monoid Vectg(X). It is a ring and a module over R(G). Note that

R(G) = K&(pt).

Remark. 1. If G is trivial, then R(G) = Z, and K% (X) is only an abelian group.
2. If G acts trivially on X, then K¢ (X) ~ K*(X) ®z R(G).
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2.9 Example If G =T, then
R(T) = Z[T] ~ Z[X, X~ "].
Given a space X with T-action, K%(X) is a module over Z[X, X" ].

2.10 Theorem (Swan's Theorem) Let X be compact, G be trivial. Then
V — T'(V), space of sections
induces an isomorphism of monoids
Vectg (X) ~ {finitely generated projective modules over C(X)}.

The Murray-von-Neumann classes of projections in M, (C(X)) give the K-theory of
C(X). We conclude that
KO(X) ~ Ko (C(X)).

2.11 Noncompact spaces  If X is non-compact,
K& (X) = ker(e* : K&(X*) — K& (o0) = R(G))
where ¢ : co — X*.

2.12 Higher K-groups

def

KM (X) = K& (X x R™).

n € N, where G acts trivially on R™.
2.13 Theorem (Bott Periodicity) For complex vector bundles.
K& (X) =~ KEZ(X).

In particular
R(G), mneven

KO Rn —
c(R™) {O, n odd.

2.14 Long exact sequence If Y C X s a closed G-invariant subset, then there is a
long exact sequence

K& (X \Y) — K& (X) —K2(Y)

T |

KE(Y) =<—— KL (X) =<— K§(X\Y)

6
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Remark. Wrong-way maps from open embeddings. f : X — Y induces f* : K§(Y) —
K¢ (X). If U € X is an open, G-invariant subset, then there is a canonical G-map
X* — U* mapping points out of U to the point at infinity. This induces a map

Kg(UH) — K5 (X,

This gives
Kg(U) = Kg(X).

Exercise 4 Let G = Z/2Z acton S' by reflection. Calculate K¢ (Sh.

Exercise 5

R(H)) i= O)
0, otherwise.

KL (G/H) :{

Exercise 6 Let G act freely on X. Then K (X) ~ K*(G\X). Prove this for G a Lie
group, using Palais” Theorem from last time.)

2.15 Example Let G = T C SU(2) € Homeo(CP'). If H is the dual H** of the Hopf
bundle
H* ={({,v)|vel}

and if X is the class in K% (CP') of the trivial G-bundle CP' x C with the standard
representation of T C C*, then

KG(CP') =0

and K% (CP'") is generated as a Z[X, X 'J-algebra by X and [H] (recall Z[X, X '] =
R(T)) with the relation
(H = X)(H] - X" =0,

Moreover (exercise), K% (CP") is a free Z[X, X~ ']-module with generators 1 and [H].
1 always denotes the unit in K% (X), the class of X x C with trivial G-action on C.

3 Clifford Symbols (Heath Emerson, June 16)

3.1 Definition A G-bundle V — X is subtrivial if there is a G-bundle V= such that
V @ V4 is trivial.
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3.2 Example Let X = Z, G = T. Suppose G acts trivially on X. Let V = X x C.
Suppose z € T acts on V by z - (n,A) = (n,z"A) (the action changes fibrewise, so
this is not a trivial T-bundle). But it is not subtrivial; infinitely many irreducible
representations of T appear.

3.3 Proposition Let G be compact. Any G-bundle over a homogeneous space is sub-
trivial.

Why is this true? Let H be a closed subspace of G. Let m: H — GL(V) any represen-
tation. Then G xy V is a vector bundle over G/H. By a theorem of Mostow, there is

a representation 7 : G — GL(V) such that 7 is contained in the restriction of 7t to H.

Hence, ~ ~
GxHVQGxHV:G/HxV. O

3.4 Corollary Let G be compact. Any G-bundle on a compact space is subtrivial.

3.5 Clifford symbols  Let V be a G-bundle over X that is Euclidean (i.e., equipped
with a real, G-invariant inner product). (E.g., G C Isom(X), X a Riemannian man-
ifold, V = TX.) A G-equivariant Clifford symbol for V is a pair (S, c) where S is a
Z/2Z-graded, Hermitian G-bundle on X, and c is a bundle map

c:V — Endg(S)
such that
1. c(&) is odd
2. c(&)" =c(&)
3. c(8)? =&
forany & € V.
Remark. 1. This gives, for each x € X, a representation c, : C1(Vy) — End(Sx).
2. Some authors (Roe, for example) require skew-adjointness c(&)* = —c(&).
3.6 Example Let X be Riemannian G-manifold. V =TX. S = A*(TX ®g C). Let
c(&) =¢e:+ EL

where ¢; denotes the map taking the wedge product with &.
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3.7 Example V = R?. View this as a vector bundle over a point. Make ita G = T-
bundle by the representation

z = e'® 5 R(20), rotation by 26.

Let S = C @ C (first part even and second part odd grading) with the usual
Hermitian structure. Let G act on S by the representation

2 (39) € GL(2,C)

We define .
¢:R?> — End(C?), c(x,y) = ( 0 XJB“-’) .

x—iy
Then c is equivariant in the sense that

c(g-v) :goc(v)og_].

3.8 Triples  Suppose X is a locally compact G-space. Consider the triple
V5, V7, ¢)

where V* are subtrivial G-bundles over X, and ¢ is a G-bundle map V& — V-~
which is an isomorphism off a compact set. (Or, we could require a single Z/27Z-
graded bundle V = V* @ V~ with an odd endomorphism ¢.)

1. A triple is degenerate if ¢ is an isomorphism everywhere.

2. Two triples are stably isomorphic if they become isomorphic after adding a
degenerate triple.

3. Two triples (Vli, o1), (Vzi, ¢,) are homotopic if there is a triple over X x [0, 1]
whose restrictions to X x {0} and X x {1} are stably isomorphic to (Vli, d1),
(V5°, d2) respectively.

3.9 Definition (Segal) Denote by L%(X) the homotopy classes of triples. This is a

group. Define
def

LX) = LY (X x R™).

3.10 Theorem
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Why is this true? Given (V*, ¢), first add a degenerate triple so that V~ becomes
trivial. So V then extends to the one-point compactification X*. Let U be a G-
invariant open subset such that Uis compact, outside of which ¢ is an isomorphism.
Form the “clutching” bundle

V* Iy Uau V- I

This is a trivial bundle outside of U so it extends to a G-bundle on X*. Thus [V {{Uau
V™ Ix\ul is an element of K% (X™), and [V ] is also an element of K% (XT). The differ-

ence [V* [y Usu V™ Ixwul — [V belongs to K& (X). O

Exercise 7 Let X = R?, V¥ = X x C2. Show that V* [ Ugp V™~ Ix\p is isomorphic to
the Hopf bundle H* on (R?)* ~ S? ~ CP".

Suppose we have a Clifford symbol (S, c) for a Euclidean G-bundle ty : V. — M,
where M is compact. Put X =V, and let V* := n{,(ST), V™ :=n{(S7), = c. Since
c(&)? = ||&]|?, so c(&) is invertible as long as & # 0, i.e., ¢ is invertible off the zero
section of V. This gives a triple (V*, V™7, ¢).

V~<~——n*S

ﬁvl |

I
A
M=<——S

3.11 Definition Let V be an even-dimensional Euclidean G-bundle over X. It is G-K-
orientable if it admits a G-Clifford symbol (S, c) for V such that dim(S) = 2dim(V)/2
(S is “irreducible”).

3.12 Theorem If m: V — Xis G-K-orientable, then the associated class to the triple
obtained by the Clifford symbol yields a vector bundle 7t*S — V. This yields a class
&v € K%imV(V), called the Thom class. And the map

Ke(X) — KghmV(v)
a = mla)-&y

is an R(G)-module isomorphism.

4 Dirac Operators (Heath Emerson, June 17)

4.1 X, a complete Riemannian G-manifold.

e (S, c) aClifford symbol for TX.

10
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e V a connection on S, that is

(i) G-equivariant: Vg.x(g-s) =g - Vxs.

(ii) compatible with the Levi-Civita connection:
Vx(c(Y)s) = c(VEY)s + c(Y)Vis.
(iii) compatible with the Hermitian structure on S

<VxS1,Sz> + <S1 s sz2> =X <S1 , Sz> .

Exercise 8 Prove that such a connection exists.

4.2 Definition Define a linear map D by the composition

This is a G-equivariant operator on I'.(S). Locally,

Ds(x) = Z \/jc(ei)veis(x).

4.3 Example Let S = A*(TX ® C) (since dim S = 29m= X this is not “irreducible,”
i.e., K-orientable). Extend the Levi-Civita V to A*TX ® C. Then D in this case is

d+d’
where d is the de Rham differential. This example is equivariant with respect to the

group G = Isom(X).

4.4 Example The signature operator on an orientable smooth manifold X uses a
grading that depends on the orientation. This gives a G-equivariant operator D
which is equivariant with respect to Isom™ (X).

4.5 Example Let X be a complex manifold, admitting a complex structure. Let S =
A*TX. Note that TX is already complex. dim¢$ = 24ime™ = 2dimzTX/2 " Take
c(&) = e + €;. This Clifford symbol is irreducible. The operator D is the Dolbeault

11
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operator 9. D is equivariant with respect to any compact group of holomorphic
maps of X.

For example, take X = SL(n, C)/B where B is the subgroup of upper triangular
matrices (the Borel subgroup). Then

X ~SU(n)/T

where T is the subgroup of diagonal matrices. Then G = SU(n) acts by holomorphic
maps on X.

Exercise 9 Take the above example of SL(n,C)/B ~ G/T. Let X = G/T. The tangent
bundle TX is a G-equivariant vector bundle on X = G/T. Express TX as an induced
space from a representation of T. Do the same for S.

4.6 Example X =S',S =S x C. Define
c:TS"' =S x R — End(S)

by

c(z,r) = pointwise multiplication by .
(This is not a Clifford symbol in the usual sense because there is no grading on S;
it is called an “odd Clifford symbol” because it leads to odd K-group class.) Then

D =+v-1 d%, which acts on C®(S1).

4.7 Theorem Let X be a complete Riemannian G-manifold, and (S, c) a G-Clifford
symbol for TX, and let D be defined as in [4.2]. Then D has a unique self-adjoint
extension D to L%(S). In particular, functional calculus gives a *-homomorphism

Cp(R) — B(L*(S)),
f— f(D).

Moreover, if X is compact, then Sp(D) C R is discrete, all eigenvalues of D have
finite-dimensional eigenspaces that consist of smooth sections of S.

Remark. The nth eigenvalue of [D| is ~ n'/4mX_ In particular, f(D) is compact if
f € Co(R). And D is Fredholm, that is, ker(D_ ) and ker(D_) are finite-dimensional.
They are also G-invariant subspaces of L(S). (D :=D lL2(s+) - ---) We define

indg(D) % [kerD,] — [kerD_] € R(G).

12
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48 LetV € Vectg(X). Let (S, c) be a G-Clifford symbol for TX. Then (S ® V,c ®
id) is a new, “twisted” Clifford symbol for TX. The D operator in this case will be
denoted by Dy.

4.9 Pairing with vector bundles  So there is a pairing
{G-bundles on X} x { G-equivariant elliptic operators} — R(G)

Atiyah’s idea is that these should define “dual” theories. This pairing is analytically
defined. But using symbols of operators, one can also understand this topologically.
The connection between the topological and analytical descriptions of the pairing
is Atiyah-Singer Index Theorem.

4.10 An application  Let G = SU(n). Let T be the maximal torus of diagonal ma-
trices. Let X = G/T. Let 0 be the Dolbeault operator on X. It is G-equivariant.
The restriction map gives a map

R(G) — R(T).
In fact, this map provides an isomorphism
R(G) ~ R(MW.

onto the Weyl group invariant subspace.

Why is this true? Produce a map R(T) — R(G) such that R(G) — R(T) — R(G) is
the identity. We use holomorphic induction. Let « € R(T). This, by induction,
gives Vi € Vectg(G/T). The index of the Dolbeault operator twisted by « gives
an element of R(G). It can be checked that this map restricted to W-invariants is
inverse to the restriction map. O

5 Bivariant K-theory (Ralf Meyer, June 18)

5.1 I will introduce bivariant K-theory as a black box first. And try to convince
you why it can be useful.

Theidea is that bivariant K-theory is the home for maps between K-theory groups.
We expect a natural map

KK(A,B) — Hom(K.A, K,B).
And we expect a composition product
KK(A,B) ® KK(B, C) — KK(A, C).
What data leads to maps between K-theory groups?

13
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boundary maps of extensions

index theory starts with maps K*(X) — Z (or K (X) — R(G)) from ellipitic dif-
ferential operators

e x-homomorphisms

Bott periodicity, Thom isomorphisms
o twisting by a vector bundle (ring structure on K*(X)).

All these constructions lift naturally to elements in KK.

5.2 But why not stick to Hom(K,A, K,B)? Consider the following example. Let
D be a Dirac type operator on a compact manifold X. Let Y be another compact
manifold. XxY — Yisabundle. And we would expect D to give amap K*(XxY) —
K*(Y). And there is a map K*(X) ® K*(Y) — K*(X x Y). Since K*(X x Y) also contains
an additional piece, Tor(K*X, K*Y),amap K*(X) — Z does not directly induce a map
K*(X x Y) — K*(Y). For KK, however, there is an exterior product

KK(A,B) — KK(A® C,B® C).

Once we view D as an element of KK(C(X), C), we get an induced map K*(X,Y) —
K*(Y).

5.3  Things get really interesting with equivariant KK, in particular for noncom-
pact groups. Let G be a topological group. Let A, B be C*-algebras with G-action.
Then there is a Z/2Z-graded group KK¢(A, B) which comes with a natrual map
KKS(A,B) — KK, (A x G,B x G) (called the descent homomorphism).

Remark. The descent homomorphism is far from being isomorphic. Let G be com-
pact. Let A =B = C. Then KKE(C,C) = R(G).

~

KK(C*G, C*G) Hom(R(G

] j
) (R(

KKE(C,C) —— Homgg

),R(G))
G),R(G))

5.4  The use of KK-theory can be found in the structure of a proof of the Connes-
Thom isomorphism and the Pimsner-Voiculescu exact sequence.

Recall Bott periodicity: K*(R) ~ K**!(pt). This may be proved by exhibiting
D € KK;(CoR,C), n € KK;(C,CoR) and checking that they are inverse to each
other.

14



5 BIVARIANT K-THEORY (RALF MEYER, JUNE 18)

Now, let R act on itself by translations, trivially on C. It turns out, then, D and
1 are equivariant, i.e., D € KK]%&(COIR{,(C), ne KK$(<C, CoR). And D and 1 remain
inverse to each other in KKE.

Now use exterior products in KK®: For any R-C*-algebra A, there is an isomor-
phism in KK} (CoR ® A,C ® A). Next, apply descent homomorphism to get an
isomorphism in KK;((CoR ® A) x R, (C® A) x R). (CoR ® A) x R is isomorphic
to A(L’R) ® A because the translation action is free and proper. This leads to the
Connes-Thom isomorphism:

Ky (A % R) ~ Ky (A)

Remark. 1. There is an invertible element in KKy (CoRZ2, C).

2. The class D should be a K-homology class on R. It comes from the Dirac
operator on R, which is just i%. Notice that D is translation invariant.

3. The class 1 comes from the C*-algebra extension

Co(R) — Co(l—o00,00]) = C.

4. A similar technique applies to fundamental groups of negatively curved man-
ifolds. Let M be a compact Riemannian manifold of negative curvature. Then
its universal cover M is diffeomorphic to R", leading to an invertible ele-
ment in KK, (CoM, C). Analysis shows that this is 7t;(M)-equivariant, with
711(M) acting by deck transformations on M, and that it remains invertible in

KK ™M (oM, €).)

Exercise 10 Deduce the Pimsner-Voiculescu exact sequence, using an invertible el-
ement in KK;((A ® CoR) x Z,A x Z). ((A ® CoR) x Z is Morita equivalent to the
so-called mapping torus.)

5.5 Proposition If G is discrete, KK¢(A,C) ~ KK(A x G, C).

KK; using C*-algebra Extensions

5.6 Definition Anextension B — E — A iscalled trivial if it splits by a *-homomorphism
A — E.
Given two extensions of A by B ® &, say

B®R(H) —E A, (j=1,2)

15



6 (RALF MEYER, JUNE 21)

then there is a well-defined direct sum, call it E:

B® A(Hi ® Hy) — E — A.

E:{ (eo] eO2> ebhiobk ‘ 61,ezhavesameimageinA}_

An extension E is said to be invertible if there is another extension E-+ such that
E @ E* is trivial.

KK; (A, B) is isomorphic to the group of homotopy classes of invertible exten-
sions of A by B ® &, where homotopy is defined using invertible extensions of A by
C([0,1], B)® K. We may replace B® R above by £(Hg) where Hp is a Hilbert module
over B.

Note. Let E @ E* be trivial. Then we get a *-homomorphism

p:A= (EQEH) = MB® K

multiplier algebra

and a projection
pEMBRA), p="(5g)"

For E := pp(A)p + p(B ® K)p to be a C*-algebra, we nee [p,p(a)] € B ® K for all
a € A. It turns out that invertibe extensions correspond to pairs p : A — M(B ® ])
*-homomorphism, and p € M(B ® 8) projection, such that [p, p(a)] € B ® £ for all
acA.
Now, replace p by 2p — 1 =: F. Then F? = 1 and F = F*. This is Kasparov’s

definition of KK;. He also allows

(F—F)p(a) € B® R,

(FF—1)p(a) € B® A

Remark. It follows from Stinespring’s Theorem that an extension is invertible if and
only if it has a completely positive contractive section.

6 (Ralf Meyer, June 21)

Hilbert modules are separable throughout this lecture.

6.1  Starting from invertible extensions, we get the following definition of KK; (A, B):
Cycles consist of

1. a Hilbert B-module H (this can be replaced by M(B @ R))

16
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2. a *-homomorphism ¢ : A — B(H)
3. an operator F € B(H)

such that
Féla)l, (1-F)d(a), (F—F)d(a)

are compact (are in B ® R if we replace H by M(B ® R)). KK;(A, B) is the group of
homotopy classes of cycles.

6.2 Example 1. A homotopy is a cycle for KK; (A, C([0, 1], B)).
2. If B =C, KK (A, C) is called the K-homology of A. Here, H is a Hilbert space.

Exercise 11 Check that KK;(C,C) = 0.

Hint: A = B = C. There is a homotopy between (H, ¢, F) and (& (1)H, 1, $(1)Fd(1)).
(Use{f:[0,1] — H|f(0) € &d(1)H}as C([0, 1])-Hilbert module.)

Suppose ¢(1) = 1. Then the conditions on F say that F2 — 1 and F — F* are
compact. We may replace F by J(F -+ F*), which gives F = F*.

6.3 Definition A cycle with F> —1 =0, F = F*, [F, ¢(a)] = 0 is said to be degenerate.
Degenerate cycles give the zero class in KK.

6.4 Theorem KK;(C,B) ~ K;(B).

Why is this true? First, achieve ¢(1) = 1 as above. Cycles are Hilbert B-modules H
with F € ®B8(H) such that F = F*, F* — 1 are compact.

By adding on a degenerate cycle we may achieve H = B® (%N (this owes to [6.5]).
Also, adding compact operators to F does not change the homotopy class (use the
homotopy F + tS,t € [0, 1]).

Therefore,

KK1(C,B) =mp({FE€ BB A)/(BeA) |F=1,F=F).
Now, %(F + 1) = p is a projection. This leads to
KK;(C,B) = Ko(M(B ® R)/(B ® R)).

The K-theory long exact sequence and K, (M(B ® £)) = 0 finish the proof. O

6.5 Theorem (Kasparov Stabilization Theorem) For any separable Hilbert B-module H,
H& (B ® ?N) ~ B ® 2N.
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6.6 To get KKo(A,B), we must add some grading information: Let H be Z/27Z-
graded, let ¢ : A — B(H) be grading-preserving, and let F € B(H) be odd. Using
these cycles and corresponding homotopies, we get KKy (A, B).

Remark. KKo(C,B) ~ Ko(B). In particular, KKy(C, C) ~ Z. The isomorphism maps
acycle (Hy®H_,F)with ¢ =1, F = (% §) to the index of the Fredholm operator b.

6.7 How does an elliptic operator give a KK-class? Let X be a compact manifold,
and let A = C(X). Let
D:T(E") - T(E7)

be an elliptic differential operator of order 1, where E* are vector bundles over X.
We construct a cycle for KKy(C(X),C). Let

H=L%X,E") @ L*(X,E7).

This is Z/27Z-graded. Let
¢ : C(X) — B(H).

by pointwise multiplication operators. Finally,
F=x(D)

where x : R — [—1,1] satisfies limy_, 1, x(x) = £1 and x(—x) = —x(x), say, take
the arctangent.) Here, it is crucial that D is (essentially) self-adjoint.

Then, 2 — 1 = (x* — 1)(D) is compact because x% — 1is in Cy(R) and D has
compact resolvent. Next, F = F*. And D is of order 1, so [D, ¢(a)] is bounded for a
smooth function a. It follows that [F, ¢ (a)] is compact.

6.8  Inthe equivariant case, for a locally compact group G acting continuously on
A and B, we define KK$ (A, B) by requiring an (even) continuous G-action on H, a
G-equivariant ¢, and (g-F—F)d(a) to be compact for a € A. (Note thatg+— g-F—F
is continuous.)

6.9 Kasparov product  The Kasparov product is a rather deep construction. Given
cycles for KKiG (A,B)and Kij (B, C), Kasparov describes a cycle for KKiGﬂ (A, C)and
shows that the product so defined is associative and has other nice properties. The
main difficulty is to construct the operator F in a Kasparov product. Later, Connes
and Skandalis described F by writing down conditions it should satisfy, making the
proofs of properties of KK more transparent. (Reference: Blackadar, K-theory for

Operator Algebras)
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6.10 Example Easy cases of the Kasparov product. Let ¢ : A — B be a x-homomorphism.
It yields a class for KKy (A, B) by

H_;,_:B, H_:O,
$:A — B <B(B),
F=0.

The Kasparov product with such classes reduces to the obvious functoriality of
KK« (A, B) for x-homomorphism. Let (H, ¢, F) be a cycle for KK, (A,B), {: A’ — A,
then

P (H, ¢, F) = (H,p o, F)
is a cycle of KK, (A’,B). Given & : B — B’) define

E*(H)d))]:) = (H®EB,3¢®ld)F®1)

6.11  Let p be a projection in A. View p as a x*-homomorphism C — A,1 — p.
Given a cycle (H, ¢, F) for KK, (A, B), the product of it with [p] € Ko(A) = KKo(C, A)
is the cycle (H, ¢ o 7, F) for KK, (C, B) =~ K, (B).

7 (Ralf Meyer, June 22)
7.1 Theorem KK$(C,A) ~ K.(G x A) for compact G.

Why is this true? 1f G is compact, then we may assume the operator F in a cycle for
KKE(C, A) to be exactly G-equivariant because [ gF dg is a compact perturbation
of F. The Hilbert module may be taken to be [2G @ ¢’N ® A.

The theorem follows from the following fact:

APGPN®A)S =G x A® K(2N).
For example, C*G ~ R(L2G)C. O
Remark. If G is noncompact we may interpret
Ko(G x A) ~ KKS (X, Co(X) @ A)

if there is a G-map Prim(A) — X for a proper cocompact Hausdorff G space X.
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Duality in KK

7.2 Motivation ~ The K-homology of a compact manifold X should be isomorphic
to the K-theory of TX. Even more, the following holds: for C*-algebras A and B,

KK(A ® C(X),B) ~ KK(A, Co(TX) @ B).

In particular,
KK(C(X),C) ~ KK(C, Co(TX)).

How can one prove this statement? If A = C, B = C(X), then the statement becomes
KK(C(X), C(X)) =~ KK(C, Co(TX) ® C(X)).

So there must be some element 3 on the right that corresponds to 1 on the left. If
we take A = Cp(TX) and B = C, then

KK(C(X) ® Co(TX), C) =~ KK(Co(TX), Co(TX)).

There must be some element o on the left that corresponds to 1 on the right.

7.3 Theorem Let « € KK¢(D*®D,C) and B € KK¢(C, D ® D*). Then the following
are equivalent:

(i) The map
KK®(A ® D,B) — KKC(A,B ® D¥)

obtained by

KKS(A ® D, B) KKE(A,B ® D*)

KKE(A @ D ® D*,B @ D*)

is an isomorphism.
(ii) The following compositions are identities:

D Y% p oD oD XY p,

D* 22 p* g D @ D* 192 pr,
(One must read the above compositions as elements of KK¢(D, D) and KKE (D*, D*).)

7.4 How can we produce o and (3 for C(X) and Cy(TX)? More generally, how can
we generate interesting KK-classes between commutative C*-algebras?
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7.5 Geometric sources of elements in KK (Cy(X), Co(X))
(i) a proper G-map f:Y — Xinduces f* : Co(X) — Co(Y).

(ii) a G-equivariant vector bundle E over X gives a class in KK®(Cy(X), Co(X)); the
space I(E) of Co-sections of E with Hilbert Co(X)-module structure from a
fibrewise inner product; Co(X) — K(IHE) by multiplication operators, F irrele-
vant, say F = 0; grading is trivial.

(iii) if X is openinY, Co(X) — Co(Y) as an ideal.

(iv) if X is the total space of a K-oriented vector bundle over Y (or vice versa), then
the Thom isomorphism gives an invertible element in KKE(CoX, CoY).

It turns out that these are almost all the ingredients we need. The main modification
we need: If f : Y — Xis not proper, we may still combine it with a K-theory class on
Y with X-compact support to get a class in KK&(CoX, CoY).

First small improvement: We may replace vector bundles by K-theory classes.
& € K§(X) gives class in KKS(Cy(X), Co(X)).

Consider a triple (E+,E_,$ : Ey — E_) where E are G-vector bundles over
Y, ¢ a G-equivariant vector bundle map. Let Hy = TH(E+), a Z/2Z-graded Hilbert
Co(Y)-module, with Cy(X) acting by pointwise multiplication via f : Y — X. Let
F : Hy — H_ be the pointwise application of ¢, and let F* : H. — H, be the
adjoint of that. We need (1 — F2) 0 Mpof compact for all h € Cy(X). This holds if ¢
is unitary outside an X-compact subset. In our case, B(I,(E)) = C,(Y,End(E)) and
R(Co(E)) = Co(Y,End(E)).

Let K§ x(Y) be the K-theory of Y with X-compact support, defined by triples
(E4,E—, $) with ¢ unitary outside an X-compact support. This gives classes in
KKE(CoX, CoY) by the previous construction.

The Topological Index Map of Atiyah-Singer

7.6 Let X be a compact manifold. Embed X into R™. This induces an embedding
X — TR™ = C". Any embedding has a tubular neighbourhood (i.e., the nor-
mal bundle). Some open neighbourhood of TX in C" is diffeomorphic to the total
space of a vector bundle N over X (namely, the normal bundle). N is canonically
K-oriented (there is an appropriate Clifford symbol). So then,

Bott periodicity K*( t) 7
- = L.

K*(TX) om0, s () e K*(CM)

This series of compositions is the topological index map of Atiyah and Singer.
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8 Baum-Connes Conjecture (Heath Emerson, June 23)

8.1 CV of NCG  Genuine contribution of NCG to other fields.

e Novikov conjecture, coarse geometry. (Positive scalar curvature problem.)
e Hyperbolic dynamical systems, hyperbolic groups, hyperbolic foliations.
The above two are actually connected.

e Representation theory: Connes-Kasparov conjecture.

e Pure topology

- Equivariant Euler characteristics (for proper actions of discrete groups).
- Twisted K-theory
- Orbifolds

8.2 Baum-Connes | Let G be a locally compact group. Let X be a proper G-space.
(Le.,{g € G| g(K)NL# @}is compact for all K, L compact in X. “Xis big enough”)
Let A, B be Cy-sections of a continuous field of C*-algebras over X with G-action.
(E.g., Co(X), Co(CUTX)), Co(X,D),... a crossed product G x A for such A is again of
Type Lif A is.)

The groupoid equivariant KK-theory KK¢*X(A,B) has “continuous” families
{ (Hx, Fx) | x € X} as cycles, where (Hy, Fx) is a cycle for KK(Ay, By) for all x. The
equivariance condition is that, for any g € G, g : Hy — Hgx and we must have
gFxg " — Fg.x compact for all x € X. (This is not much of an equivariance; consider
for example the case when X = G.)

8.3 Example 1. Let A =B = Cy(X).
KKE*X(Co(X), Co(X)) =: RKE(X)

is the representable G-equivariant K-theory of X, which is isomorphic to the
space of homotopy classes of G-maps from X to the space of Fredholm oper-
ators on [*(G) ® £3(N).

2. If X, G are compact, then RKE (X) ~ K¢ (X).

8.4 Contravariant Baum-Connes  For any G-C*-algebras A and B, consider the map
Pic : KKS(A,B) — KKS*EC(Cy(EG, A), Co(EG, B))
where EG is the universal proper G-space
Pecl(H, Pl =[{(He:=H,Fk=F) [ x € EG}l.
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“Baum-Connes” (not the original one): Pf is an isomorphism. This is false, but
the statement is true for many cases. For example, consider the following example:

8.5 Example G = F, and let T be the universal covering space, which is a tree. Let
H = 2(Tvertex)) g p2(T(edge)) This is Z./2Z-graded. Define b(dvertex v) = dedge s(v)/
where s(v) is the edge adjacent to v that leads to the base point, and b(dyase point) =
0.

1. Note that the Fredholm index of b is 1.

2. gbg™! — b is compact (even finite rank) for all g € F,. This is related to the
negative curvature of trees.

Question: Is v = [(H,F)] equal to 1 in KKF2(C,C)? (1, by the way, is equal to
[(H,F)] = [(C®0,0)].

Here, EF, canbe taken tobe [T], that s, the total space of T. Check that P{;(y) =1
in KKF2%EF2(Cy(EF;), Co(EF,).

Note. The message is that P for a torsion-free group G is mapping equivariant
problem to nonequivariant problems.

8.6 Theorem The map Pf is invertible for G = F,.

Why is this true? This follows from Julg-Valette (i.e., v = 1 in KK¢(C,C)) or from
Higson-Kasparov. ]

8.7 Corollary Let A be a F,-C*-algebra that satisfies the UCT. Then so does A x; F,.
Remark. This is also true for A x F.

Why is this true? vy factors as « ®, 3 where « € KKS(C,P) and p € KKE(P,C), and
p is a proper G-C*-algebra. Then P x G satisfies UCT. P ® A x G also satisfies UCT
for all A. Then, « ® 14 is invertible in KK¢(A, A ® P), and so is its image under the
descent to KK(A X G,A ® P x G). But A x Gand A ® P x G are KK-equivaraint. (]

8.8 Example Let I' be a uniform lattice in SL(2, R). Then ET is equal to H?. Higson-
Kasparov says thaty = 1in this case too. Now, I" acts on dH? = RU{oo}. It preserves
the Riemannian metric. C(dH?) x T is purely infinite and nuclear.

Itis hard to construct a Dirac operator, but, there does exist a I'-equivariant family
{{,), | x € H?} of Riemannian metrics on dH? because H? x H? ~ SH?, the unit
tangent bundle to H?, and T acts isometrically on H? and SH?. So we can build a
'-equivariant Dirac class in KK<H? (Co(H? x dH?), Co(H?)), which is isomorphic to
(by Baum-Connes) KK'(C(dH?),C) ~ K°(C(0H?) x IN).
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Remark. The map Pf is not invertible for cocompact lattices in SL(2,R).

8.9 Theorem (Higson-Kasparov-Tu) If G (discrete) acts amenably on a commutative
C*-algebra A, then

Pic : KKS(A,B) — KKS*EC(Cy(EG, A), Co(EG, B))

is an isomorphism for any B.
8.10 Corollary A x, G satisfies UCT.

8.11 Remark  If G uniformly embeds in a Hilbert space, then P{, is surjective. This
implies the Novikov conjecture.

8.12 Baum-Connes Il Let G be a locally compact group. Let X be a smooth G-

manifold. Let M be a proper smooth G-mailfold such that G\M is compact. Let

7: M — X be a G-equivariant K-oriented submersion. Then we can build a family

{ Dx }y¢x of Dirac operators along the fibres of 7. This gives a class ! in KKE(Co(M), C(X)).

Under the higher index map, this is mapped into indg(7t!) in K, (C(X) x G).
Baum-Connes: All K-theory classes for C(X) x G arise in this way, if we also

twist by G-vector bundles on M.

Exercise 12 Show that [pg] in Ko(C(S') XR, Z) arises in this say.

9 Wrong-Way Maps in KK-theory (Ralf Meyer, June 24)

9.1 Definition Let X and Y be G-spaces, where G is compact. A normally nonsingu-
lar map from X to Y consists of

1. a subtrivial G-bundle N over X,
2. afinite-dimensional representation 7w: G — GL(V) of G,
3. an open embedding f: N — Y x V.
Such a map is said to be K-oriented if N and (V, 1) are K-oriented.
Nz Y x (Vi)
mon| Thom
X=-==-=>Y

trace
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9.2  AXK-oriented normally nonsingular map f : X — Y induces a wrong-way map
fi : Kg(X) = KEM(Y), d:=dimN—dim,

by composing the Thom isomorphisms for N — X and Y x V — Y and the wrong-
way map for the open embedding N — Y x V.
An important example is the Atiyah-Singer topological index map

NE——C"
TX pt

9.3 Let X, Y be smooth G-manifolds. Then we may require the vector bundle N
to have a smooth structure and the open embedding to be a diffeomorphism onto
its range. We want to lift a smooth map f : X — Y to a smooth normally nonsingular
map.

9.4 Theorem (Mostow) A G-equivariant embedding of X into a finite-dimensional
representation of G exists if and only if the G-action on X has finite orbit type (i.e.,
only finitely many conjugacy classes of subgroups of G occur as stabilisers of points
in X).

Remark. If X is compact, then X has finite orbit type.
As a counterexample, the T-space

| | T/{e™ ™k =0,...,n—1}

n=1

does not embed T-equivariantly into any T-representation.
If we replace compact groups by groupoids (or noncompact groups), then ana-
logues of this embedding result may fail.

9.5 Leth:X <— Vbeasmooth G-equivariant embedding into a representation of
G. Then (f,h) : X — Y x Vis also an embedding. The tubular neighbourhood theo-
rem provides an open embedding N — V x Y. This yields a normally nonsingular
map with trace f. This construction is unique for a suitable notions of equivalence
which involves lifting by a representation (W, 7t) of G:

indW

(NEXXW)— (VW) xY
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and an isotopy: a normally nonsingular map over [0, 1] from X x [0,1] = Y x [0, 1].

9.6 Theorem If there is an embedding X — (V; ) (so X has finite orbit type), then
equivalence classes of normally nonsingular maps correspond to homotopy classes
of smooth maps.

9.7 It seems, then, that there is almost no difference between smooth maps and
normally nonsingular maps. But if we worked with smooth maps instead, then
all our results would require technical assumptions about equivariant embeddings.
And we would have to construct wrong-way maps directly for smooth maps, which
would still require a factorisation as above. We found it more convenient to intro-
duce normally nonsingular maps to avoid technical problems. First we only de-
fined smooth normally nonsingular maps, but then it is immediately observed that
smoothness is no longer helpful once the factorisation above is part of the defini-
tion. Hence we dropped smoothness. However, the existence of a normally nonsin-
gular map from X to the point implies some smooth structure on X: there must be
a smooth structure on X x RN for some N.

9.8 Composition of Normally Nonsingular Maps

Ne——Y x V Mc——Z x W
X Y Z

We can pullback M over Y x V, over N, and all the way over X. Lift the second map
along V, and lift the first map along the pullback of M over X. So we get

NXffMc——VxM=—VxM-——ZxVxW

L7 |

X Y Z

The resulting normally nonsingular map from X to Z is well-defined up to homo-
topy, and this defines the composition of normally nonsingular maps. The compo-
sition induces the composition of the maps K¢ (X) — Kg(Y) — Kg(Z) on K-theory
because lifting does not alter the induced map on K-theory and neither does going
up and down in a K-oriented vector bundle by the Thom isomorphism.

Actually, the wrong-way map construction also yields classes in KKS(CoX, CoY),
and the map from normally nonsingular maps to bivariant K-theory is functorial for
the composition and the Kasparov product.

The Atiyah-Singer Index Theorem for Families follows from the following:
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9.9 Theorem Let 7 : X — Y be a G-equivariant K-oriented submersion. Then 7 €
KK$ (CoX, CoY) where d = dim X —dim Y is equal to the class of the family of Dirac
operators along the fibres of .

9.10 What remains to be done to prove this theorem? Lift the submersion 7 to a
normally nonsingular map

N> v % v

Lk

X—Y

and let 0: N — X be the vector bundle projection. We may arrange for T o f =
7t o 0. For vector bundle projections, the construction of the Thom isomorphism in
bivariant K-theory already ensures 0, = [IJ,], and this class is invertible. The map
To f = mo ois a vector bundle projection followed by an open projection. It is not
hard to show that the Dirac class is compatible with open embeddings. Hence we
also get

(7-[ ° Y)! = [wnoc]-

Thus the index theorem follows from
(D ool = (D] o [Dg].

This requires us to compute a certain Kasparov product explicitly.

10 KK-theory via correspondences (Ralf Meyer, June 25)

10.1  We want to describe KKS(CyX, CoY) by geometric cycles, where G is a com-
pact Lie group, and X, Y are compact G-spaces. (X is a smooth G-manifold.) This
idea goes back to Paul Baum (defined for K-homology) in the 1980s and Connes-
Skandalis (generalized to bivariant K-theory).

Today’s results are contained in [6,7].

where & € Kix(M),b: M — Xisa G-map, f: M — Y is a G-equivariant normally
nonsingular K-oriented map.

KKG(CoX, CoM) ® KKCG(CoM, CoY) — KKE(CoX, CoY)
(b, &)* ®fy = (by&)* o f)
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When do two such cycles (M, &, b, ) give the same element of KKE(CoX, CoY)?
The equivalence relation is generated by three elementary moves:

1. Direct sum-disjoint union: for two cycles with the same M, f, b:

(M)EJ +E»Z)b»f) ~ (MI—lM)EJ |_|£2,b|_|b,f|_|f).

2. Bordism: First in a special case: let M, Y be smooth manifolds, f smooth. A
bordism is like a cycle, but M is replaced by a manifold with boundary W
and f by a smooth map W — Y. Here, W = 0oW U 9;W. (Think of the pants
diagram; the waist is 0pW, and the foot part is 9;W.) Restrictions of f, b, & to
0oW and 9;W give cycles. They are said to be bordant. This can be carried
over to the case of normally nonsingular maps as well.

3. Thom modification: Let (M, &, b, f) be a cycle. Let V be a G-equivariant K-
oriented vector bundle over M. Then (M, &, b, f) is equivalent to

(V, T(Er)r)

where T : K (M) — K (V), the Thom isomorphism. (Paul Baum compacti-
fies V because he requires b to be a proper map. Since we allow non-proper b,
we may use the total space itself, which makes some constructions consider-
ably easier.)

Since the wrong way map for V — M is the inverse Thom isomorphism, this
cycle has the same image in KKC.

10.2 Theorem Let ﬁ(é (X,Y) be the set of equivalence classes of cycles modulo the
equivalence relation generated by the above elementary moves. If there is a nor-
mally nonsingular map from X to pt (or [0, 1]) then the map

KKG(X,Y) = KKg(CoX, CoY)
is an isomorphism.

Remark. This applies if X is a smooth G-manifold with boundary and finite orbit
type.

Why is this true? First, look at the case X = pt. Then KK (Copt, CoY) = K (V).

28



10 KK-THEORY VIA CORRESPONDENCES (RALF MEYER, JUNE 25)

Let (M, &, b, f) be a cycle for X = pt and some Y. We may ignore b : M — pt.
Remember that f is a triple:

N>y %V

e

M- —>Y

trace

We do a Thom modification along N to get a cycle (N, &, const, rwof). This is bordant
to a cycle (Y x V| fi(£), const, ). Now do an inverse Thom modification to get a

cycle (Y, &, const,id), where & € Kg(Y). Thus every cycle is equivalent to one of
this special form. Furthermore, two cycles of this special form are only equivalent
if they have the same element in K (Y).

Next, we use duality isomorphisms to reduce the bivariant case to the K-theory
case just treated: For compact X,

KKE(X,Y) ~ KK (pt, Y x TX)

KK (CoX, CoY) ~ KKE(C, Co(TX) ® Co(Y)).

—~ GxX

(If X is not compact, we need to consider KK ) (X, Y x TX), the G-equivariant K-
—~G

theory of Y x TX with X-compact support, instead of KK (pt, Y x TX).) So it only

—~G
remains to prove the duality in KK~ between X and TX. This implies duality in KK®
between CoX and CoY because we may map the unit and counit of the adjointness

—~G —~ G
in KK (pt, X x TX) and KK (X x TX, pt) to classes in KK®, and these still satisfy

G
the relevant conditions because the map from KK to KKE is a functor and maps
products to tensor products.

Let « be the class
(X 1)
/ \
pt

X x TX

where the map f sends x to (x,x,0). Because X is compact, X — pt is proper, and
1e KE,pt(X) = K& (X). Since TX is almost complex, the smooth map f is K-oriented.

Let 3 be the class
(TX,1)
/ \

X x TX pt

where b maps (x, &) to (x,x, &). This is a correspondence as well.
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We still have to discuss the composition product of correspondences. This should
be constructed as an intersection product. But this requires that the two maps
M — Y « N are “transverse.” What to do in general? — Thom modification. The
map N — Y is a very special “submersion,” therefore it is transverse to anything.
We can use Thom modification to replace M by N.

Ne——YxV

/

M

T

Y

Thus it suffices to study the composition product for cycles where f: M — Y is an
open embedding followed by a trivial vector bundle projection. We may also sim-
plify the equivalence relation for such special correspondences, leading to a model
for bivariant K-theory with rather simple geometric cycles and relations. Since it
is not so easy to bring more general correspondences into this form — this requires
embedding manifolds and constructing tubular neighbourhoods — we still need the
definition above to actually construct correspondences. But for formal arguments,
it may be easier to restrict attention to special cycles. O

—~G
10.3 Product in KK The product ought to be an intersection product

MXYN

where
M xy N ={(m,n) € M x N | same image in Y }.

MXYN

N

X Z

with an appropriate K-theory class on M xy N should be the product. But for this to
work, we need the coordinate projection M xy N — N to be normally nonsingular.
This is the case if M — Y < N are transverse.
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